Spin-zero system of DKP equation in the background of a flat class of
  G\"{o}del-type space-time by Ahmed, Faizuddin & Hassanabadi, Hassan
ar
X
iv
:1
90
3.
09
31
1v
2 
 [g
r-q
c] 
 26
 Se
p 2
01
9
Spin-zero system of DKP equation in the background
of a flat class of Go¨del-type space-time
Faizuddin Ahmed1
Ajmal College of Arts and Science, Dhubri-783324, Assam, India
Hassan Hassanabadi2
Faculty of Physics, Shahrood University of Technology, P.O. Box
3619995161-316, Shahrood, Iran
Abstract
In this paper, we investigate the Duffin-Kemmer-Petiau (DKP)
equation for spin-zero system of charge-free particles in the back-
ground of a flat class of Go¨del-type space-times, and evaluate the
individual energy levels and corresponding wave-functions, in details.
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1 Introduction
The spin-0 and spin-1
2
particles with or without interactions have been exten-
sively studied in relativistic quantum mechanics. However, one can use the
Duffinn-Kemmer-Petiau (DKP) equation [1, 2, 3, 4] which provides a good
theoretical basis for spin-0 and spin-1 particles. The DKP equation is a di-
rect generalization to Dirac equation of integer spin in which we replace the
gamma matrices (γ) by beta matrices (βµ). This equation has been studied
in atomic and condensed matter physics [5, 6, 7, 8, 9, 10, 11, 12, 13, 14].
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The DKP equation under different kind of potentials have been studied by
various authors [15, 16, 17, 18, 19, 20, 21].
The relativistic DKP equation for spin-zero particle is given by [1, 2, 3, 4]
(i βµ(x) ∂µ −m) Ψ = 0 (h¯ = 1 = c), (1)
where βj(j = 0, 1, 2, 3) are the DKP matrices which satisfy the commutation
relation
βµ βν βλ + βλ βν βµ = gµν βλ + gλν βµ. (2)
The set of flat beta (βa) matrices are
β0 =


0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , β
1 =


0 0 −1 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,
β2 =


0 0 0 −1 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0

 , β
3 =


0 0 0 0 −1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0

 . (3)
Recently, Hassan et al studied the DKP equation in a class of spherical
symmetry Go¨del-type space-time backgrounds [22].
The general form of Go¨del-type metrics in polar coordinates (t, r, φ, z)
can be written as [22, 23]
ds2 = −(dt + F (r) dφ)2 +H2(r) dφ2 + dr2 + dz2. (4)
The necessary and sufficient conditions for Go¨del-type solution (4) to be STH
(space-time homogeneous) are given by
F ′
H
= 2Ω ,
H ′′
H
= µ2, (5)
where the prime denote derivative with respect r, and the parameters (Ω, µ)
are constants such that Ω2 > 0 and −∞ ≤ µ2 ≤ ∞. The parameter Ω
2
characterizes the vorticity of the space-time. The general form of Go¨del-type
space-time representing surfaces of constant curvature with µ2 < 0, µ2 = 0,
and µ2 > 0 respectively a spherical symmetry, flat and hyperbolic cases
[22, 23]. For vanishing vorticity parameter, Ω → 0, the space-time reduces
to Minkowski metric in cylindrical coordinates (t, r, φ, z).
In the present work, we study the DKP equation for spin-0 system in
a class of flat Go¨del-type space-time background, and evaluate the energy
eigenvalues and corresponding wave function.
2 The DKP equation in a Go¨del-type metric
Consider the following stationary space-time [24] (see Refs. [23, 25, 26]) in
the coordinates (t, x, y, z) given by
ds2 = −dt2 + dx2 + (1− α20 x2) dy2 − 2α0 x dt dy + dz2, (6)
where α0 > 0 is a real number.
Using the condition (5) into the spae-time (6), we have α0 = 2Ω and
µ = 0, which indicates the study space-time belong to a class of flat Go¨del-
type metrics [22, 23]. For Ω→ 0, the study space-time reduces to Minkowski
metric.
The metric tensor for the space-time (6) be
gµν(x) =


−1 0 −α0x 0
0 1 0 0
−α0x 0 1− α20x2 0
0 0 0 1

 (7)
with its inverse
gµν(x) =


α20x
2 − 1 0 −α0x 0
0 1 0 0
−α0x 0 1 0
0 0 0 1

 . (8)
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In order to work with spin-0 scalar particles by solving the DKP equa-
tion, let us define the local reference frame via a non-coordinate basis θˆa =
eaµ(x) dx
µ, where the components eaµ(x) are called tetrads and satisfy the
relation [27, 28, 29, 30]:
gµν(x) = e
a
µ(x) e
b
ν(x) ηab, (9)
where ηab = diag(−,+,+,+) is the Minkowski tensor. The inverse of tetrads
is defined as dxµ = eµa(x) θˆ
a, where the following relations must satisfy:
eµa(x) e
a
ν(x) = δ
µ
ν , e
a
µ(x) e
µ
b (x) = δ
a
b . (10)
Observe that the indices µ, ν indicate the space-time indices, while a, b =
0, 1, 2, 3 indicate local reference frame indices.
For the space-time (6), the corresponding local reference frame can be
written in the form:
θˆ0 = dt+ α0 x dy, θˆ
1 = dx, θˆ2 = dy, θˆ3 = dz (11)
so that the line-element is define as
ds2 = −(θˆ0)2 + (θˆ1)2 + (θˆ2)2 + (θˆ3)2 = ηab θˆa θˆb. (12)
Thus the tetrads eµa and e
a
µ for the space-time (6) is
eaµ(x) =


1 0 α0 x 0
0 1 0 0
0 0 1 0
0 0 0 1

 ,
eµa(x) =


1 0 −α0 x 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (13)
The spin connections ωµab, and the Christoffel symbols Γ
σ
µν for the above
space-time are given in Ref. [23]. The non-vanishing component of spinorial
4
affine connection Γµ(x), according to the definition Γµ(x) =
1
2
ωµab(x) [β
a, βb],
can be identified as
Γt(x) =


0 0 0 0 0
0 0 0 0 0
0 0 0 −α0
2
0
0 0 α0
2
0 0
0 0 0 0 0

 ,
Γx(x) =


0 0 0 0 0
0 0 α0
2
0 0
0 0 0 0 0
0 −α0
2
0 0 0
0 0 0 0 0

 ,
Γy(x) =


0 0 0 0 0
0 0 α0
2
0 0
0 −α0
2
0 −α20 x 0
0 0 −α20 x 0 0
0 0 0 0 0

 ,
Γz(x) =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 . (14)
The kemmer matrices βµ(x) = eµa(x) β
a in the curved space-time are
βt(x) =


0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , β
x(x) =


0 0 −1 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,
βy(x) =


0 −α0 x 0 −1 0
α0 x 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0

 , β
z(x) =


0 0 0 0 −1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0

 .
(15)
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The DKP equation in curved space is given by
[i βµ(x) (∂µ + Γµ(x))−m] Ψ = 0, (16)
where βµ(x) and Γµ(x) are derived above. We have
βµ(x) Γµ(x) = −3α
2
0 x
2


0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 . (17)
Since, the given metric (6) is independent of t, y, z. Suppose the general wave
function to be
Ψ(t, x, y, z) = ei (−E t+l y+k z)


ψ1(x)
ψ2(x)
ψ3(x)
ψ4(x)
ψ5(x)

 , (18)
where E is the energy eigenvalues, and l, k are the constants. Substituting the
above ansatz (18) into the Eq. (16) and using (17), we obtain the following
set of differential equation:
E ψ2 − i ψ′3 + l (α0 xψ2 + ψ4) + k ψ5 − i
3α20 x
2
ψ3 = mψ1, (19)
E ψ1 + α0 l x ψ1 = mψ2, (20)
i ψ′1 = mψ3, (21)
−l ψ1 = mψ4, (22)
−k ψ1 = mψ5, (23)
in which a prime means ordinary derivative w. r. t. x. The above Eqs.
6
(20)-(23) can now be express as
ψ2 =
1
m
(E + α0 l x)ψ1, (24)
ψ3 =
i
m
ψ′1, (25)
ψ4 = − l
m
ψ1, (26)
ψ5 = − k
m
ψ1. (27)
Substituting the above Eqs. (24)-(27) into the Eq. (19), one will obtain the
following second order linear differential equation for ψ1(x) :
ψ′′1 + a xψ
′
1 + b xψ1 + c x
2 ψ1 = λψ1, (28)
where
a =
3α20
2
= 6Ω2,
b = 2α0E l = 4Ω l E,
c = α20 l
2 = 4Ω2 l2,
λ = m2 + l2 + k2 − E2. (29)
Let us substitute
ψ1(x) = e
− a
4
x2 u(x), (30)
into the Eq. (28), we get the following differential equation
u′′ − (Ax2 − B x) u− (λ+ a
2
) u = 0, (31)
where
A =
a2
4
− c , B = b. (32)
The above Eq. (31) can be express as
u′′ − (
√
Ax− B
2
√
A
)2 u+ [
B2
4A
− (λ+ a
2
)] u = 0 (33)
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Replacing
s =
√
Ax− B
2
√
A
, D =
B2
4A
− (λ+ a
2
), (34)
into the Eq. (33), we obtain
u′′(s)− s
2
A
u(s) +
D
A
u(s) = 0. (35)
Again replacing s into new variable r by
s = A
1
4 r (36)
into the above Eq. (35), we get
d2u
dr2
+ (ǫ− r2) u = 0, (37)
where ǫ = D√
A
. The Eq. (37) is similar with the harmonic oscillator equation,
therefore, the energy eigenvalues equation :
ǫ = (2n+ 1)⇒ D√
A
= (2n+ 1)
⇒
B2
4A
− (λ+ a
2
)√
a2
4
− c
= (2n+ 1)
⇒
b2
4 (a
2
4
−c)
− (λ+ a
2
)√
a2
4
− c
= (2n+ 1), (38)
where n = 0, 1, 2, 3, 4, ......... Substituting the various quantities, we get the
energy eigenvalues En,l associated with n
th radial modes:
En,l = ±η [3 Ω2 {1 + η (2n+ 1)}+m2 + l2 + k2] 12 , (39)
where we define
η =
√
1− 4l
2
9Ω2
. (40)
The corresponding wave functions are given by
ψ1n(x) = |N |e− 3Ω
2 x2
2 Hn(x), (41)
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where |N | =
√ √
3Ω√
pi 2n n!
is the normalization constant and Hn(x) are the Her-
mite polynomials and define as
Hn(x) = (−1)n ex2 d
n
dxn
e−x
2
,
∫ ∞
−∞
e−x
2
Hn(x)Hm(x) dx =
√
π 2n n! δnm.
(42)
Therefore from Eqs. (24)–(27), we have
ψ2n =
1
m
(En + 2Ωlx)ψ1n, (43)
ψ3n =
i
m
ψ′1n, (44)
ψ4n = − l
m
ψ1n, (45)
ψ5n = − k
m
ψ1n. (46)
Therefore, we have the general wave function
Ψn(t, x, y, z) =
1
m
ei (−En,l t+l y+k z)


mψ1n(x)
En,l ψ1n(x)
i ψ′1n(x)
−l ψ1n
−k ψ1n

 . (47)
It is worthwhile mentioning in Ref. [25] that we have solved the Klein-
Gordon equation on the same space-time (6), and evaluated the energy eigen-
values (setting k = 0 = l) as follow:
En,0 = (2n+ 1)Ω +
√
(2n+ 1)2Ω2 +m2, n = 1, 2, .... (48)
For k = 0 = l from Eq (39), we have the following energy eigenvalues
En,0 =
√
6Ω2 (n + 1) +m2, n = 0, 1, 2, ..... (49)
It is clear from above that the energy eigenvalues (48) of a relativistic quan-
tum scalar particle by solving the Klein-Gordon equation on the space-time
(6) in Ref. [25] are different from the eigenvalues (49) obtained here. An-
other important difference is that for the Klein-Gordon equation, the ground
9
state energy eigenvalues are obtained by setting n = 1, and the ground state
energy levels are E1 = 3Ω +
√
9Ω2 +m2. Whereas for the DKP equations,
the ground state energy eigenvalues are obtained by setting n = 0, and the
ground state energy levels are E0 =
√
6Ω2 +m2.
Let us study the eigenvalues Eq. (39) and corresponding wave functions
Eq. (47) one by one. We have set the constant k = 0.
(i) n = 0 : E0,l = ±η
√
3Ω2(1 + η) + l2 +m2,
ψ1 0 = (
3Ω2
π
)
1
4 e−
3Ω
2 x2
2 ,
Ψ0(t, x, y) =
1
m
e−i E0 t+i l y ψ1 0


m
E0
−3 iΩ2 x
−l
0

 .
(ii) n = 1 : E1,l = ±η
√
3Ω2(1 + 3η) + l2 +m2,
ψ1 1 = 2 (
3Ω2
4 π
)
1
4 x e−
3 Ω
2 x2
2 ,
Ψ1(t, x, y) =
√
2
m
e−i E1 t+i l y ψ1 0


mx
E1 x
i (1− 3Ω2 x2)
−l
0

 .
(iii) n = 2 : E2,l = ±η
√
3Ω2(1 + 5η) + l2 +m2,
ψ1 2 = (
3Ω2
4 π
)
1
4 (2 x2 − 1) e− 3Ω
2 x2
2 ,
Ψ2(t, x, y) =
e−i E2 t+i l y ψ1 0√
2m


m (2 x2 − 1)
E2 (2 x
2 − 1)
i ((4 + 3Ω2) x− 6 x3Ω2)
−l
0

 . (50)
If one includes a non-minimal coupling (ξ) of the gravitational field with
the background curvature, then the DKP equation in curved space is given
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by
[i βµ(x) (∂µ + Γµ(x))−m− ξ R] Ψ = 0, (51)
where R is the Ricci scalar and ξ is a coupling constant.
For the considered metric (6), we get the the following equations using
(51) as:
ψ2 =
1
m˜
(E + α0lx)ψ1, (52)
ψ3 =
i
m˜
ψ′1, (53)
ψ4 = − l
m˜
ψ1, (54)
ψ5 = − k
m˜
ψ1, (55)
ψ′′1 + a xψ
′
1 + b xψ1 + c x
2 ψ1 = λ˜ ψ1, (56)
where a, b, c are given earlier and
λ˜ = m˜2 + l2 + k2 −E2, m˜ = m+ ξ R, R = 2Ω2. (57)
Following the same technique as done above, one can convert Eq. (56)
into a harmonic oscillator equation. The energy eigenvalues are
En,l = ± η [3 Ω2 {1 + η (2n+ 1)}+ (m+ 2 ξΩ2)2 + l2 + k2] 12 . (58)
From Eqs. (52)–(55) we have
ψ2n =
En
m˜
ψ1n, (59)
ψ3n =
i
m˜
ψ′1n, (60)
ψ4n = − l
m˜
ψ1n, (61)
ψ5n = − k
m˜
ψ1n. (62)
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And the general wave function
Ψn(t, x, y, z) =
1
m˜
ei(−En t+l y+k z)


m˜ ψ1n(x)
En ψ1n(x)
i ψ′1n(x)
−lψ1n(x)
−kψ1n(x)

 . (63)
where ψ1n(x) is given by Eq. (47).
The eigenvalues and corresponding wave functions for n = 0, 1, 2 are given
below (setting k = 0).
(i) n = 0 : E0,l = ±η
√
3Ω2(1 + η) + (m+ 2 ξ Ω2)2 + l2,
ψ1 0 = (
3Ω2
π
)
1
4 e−
3Ω
2 x2
2 ,
Ψ0(t, x, y) =
e−i E0 t+i l y ψ1 0
(m+ 2 ξΩ2)


(m+ 2 ξΩ2)
E0
−3 iΩ2 x
−l
0

 .
(ii) n = 1 : E1,l = ±η
√
3Ω2(1 + 3η) + (m+ 2 ξΩ2)2 + l2,
ψ1 1 = 2 (
3Ω2
4 π
)
1
4 x e−
3Ω
2 x2
2 ,
Ψ1(t, x, y) =
√
2 e−i E1 t+i l y ψ1 0
(m+ 2 ξΩ2)


(m+ 2 ξΩ2) x
E1 x
i (1− 3Ω2 x2)
−l
0

 .
(iii) n = 2 : E2,l = ±η
√
3Ω2(1 + 5η) + (m+ 2 ξΩ2)2 + l2,
ψ1 2 = (
3Ω2
4 π
)
1
4 (2 x2 − 1) e− 3Ω
2 x2
2 ,
Ψ2(t, x, y) =
e−i E2 t+i l y ψ1 0√
2 (m+ 2 ξ Ω2)


(m+ 2 ξ Ω2) (2 x2 − 1)
E2 (2 x
2 − 1)
i ((4 + 3Ω2) x− 6 x3Ω2)
−l
0

 . (64)
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3 Conclusions
In Ref. [22], the Duffin-Kemmer-Petiau (DKP) equation for spin-0 system in
the presence of Go¨del-type background space-time, were studied. They de-
rived the final form of this equation in Go¨del-type space-time with a spherical
symmetry (µ2 < 0) in the presence cosmic string, evaluated the energy eigen-
values and corresponding eigenfunctions. In this work, we study the DKP
equation for spin-0 system in Go¨del-type background space-time, an exam-
ple of a flat cases (µ2 = 0) of Go¨del-type space-time. We have derived the
final form of this equation and finally shown similar to harmonic oscillator
equation after suitable transformations. We then have obtained the energy
eigenvalues Eq. (39), and corresponding wavefunctions Eq. (47). We have
seen the eigenvalues get modifies and depend on the vorticity parameter (Ω)
characterising the space-time. We have obtained the individual energy spec-
trum and corresponding wavefunctions one by one for n = 0, 1, 2. In com-
parison to the energy eigenvalues as obtained in Ref. [25] for spin-0 particles
by solving the Klein-Gordon equation on the same space-time, the energy
eigenvalues Eq. (39) are found different. Furthermore, we have introduced a
non-minimal coupling (ξ) of the gravitational field with the background cur-
vature R (the Ricci scalar) on the DKP equation, and derived the final form
of this equation. Using similar technique as done above, we have solved it and
obtained the energy eigenvalues Eq. (58) and corresponding eigenfunctions
Eq. (63). We have seen that the presence of vorticity parameter (Ω), and the
coupling constant (ξ) modifies the energy eigenvalues Eq. (58). Here also,
we obtained the individual energy levels and corresponding wavefunction one
by one by for n = 0, 1, 2 and others are in the same way.
In the context of quantum chromodynamics (QCD), Cosmology, and grav-
ity and in many areas of physics, including those in particle and nuclear
physics [31, 32, 33], the DKP equation has been examined. Besides the
importance of presenting an exactly solvable model in relativistic quantum
mechanics in curved space-time, the present work may find some interesting
13
physical applications and the results may be used to study quantum field
theory in curved rotating space-time.
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